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Goal, alternatives

Goal
1 calculate derivative of a function/computer program,
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Goal, alternatives

Goal
1 calculate derivative of a function/computer program,
2 efficiently and accurately.

Alternatives:
1 manual- : time-consuming, error-prone,
2 numerical- : unstable, bad scaling,
3 symbolic differentiation : outputs massive expressions ⇒ slow.

A(utomatic) D(ifferentiation): symbolic + numerical.

Zoltán Szabó Autodiff



One-page summary: Jacobian

1 Jacobian of f : Rd1 → Rd2

forward AD: c · d1 · eval(f ),
reverse AD: c · d2 · eval(f ); c < 6.

Shortly, computational time = c ·min(d1, d2) · eval(f ).
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One-page summary: Jacobian/Hessian-vector products

Matrix-free computations:
2 Jacobian-vector products [1-pass, c · eval(f )]:

Jf v: forward mode.
JTf v: reverse mode.

3 Hessian-vector product (f : Rd → R):

Hf v: O(d), although H ∈ Rd×d !
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Example

Recursion:

r1(x) = x , rn+1(x) = 4rn(x)[1 − rn(x)].



Example

Recursion:

r1(x) = x , rn+1(x) = 4rn(x)[1 − rn(x)].

r ′n+1(x) = 4
{
r ′n(x)

[
1− rn(x)] + rn(x)[−r

′

n(x)
]}

= 4r ′n(x)− 8rn(x)r
′

n(x).
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Example

Recursion:

r1(x) = x , rn+1(x) = 4rn(x)[1 − rn(x)].

r ′n+1(x) = 4
{
r ′n(x)

[
1− rn(x)] + rn(x)[−r

′

n(x)
]}

= 4r ′n(x)− 8rn(x)r
′

n(x).

Target function (f ):

f (x) = r4(x) = 64x(1− x)(1 − 2x)2(1 − 8x + 8x2)2.
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Option-1: manual differentiation + coding
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Option-2: numerical differentation
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Option-2: symbolic differentation of the closed form
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Option-4: automatic differentation
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2 : Numerical differentiation

Assume f : Rd1 → R; h > 0.

∂f (x)

∂xi
≈

f (x+ hei)

h
,

∂f (x)

∂xi
≈

f (x+ hei)− f (x− hei )

2h
.

Complexity: (d1 + 1) · eval(f )→ 2d1 · eval(f ).

Truncation error: O(h)→ O(h2).
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2 : Numerical differentiation

Assume f : Rd1 → R; h > 0.

∂f (x)

∂xi
≈

f (x+ hei)

h
,

∂f (x)

∂xi
≈

f (x+ hei)− f (x− hei )

2h
.

Complexity: (d1 + 1) · eval(f )→ 2d1 · eval(f ).

Truncation error: O(h)→ O(h2).

Higher order schemes:

increased complexity, floating point errors remain.
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3 : Symbolic differentiation

Computer algebra systems:

automatic manipulation of expressions.
Mathematica, Maple, Maxima.

Manual/numerical weaknesses: X

Massive & cryptic expressions.

Requires: closed form expressions (a la manual).
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4 : Autodiff

3 main properties:

1 Symbolic differentiation: for the elementary operations.

2 Smart book-keeping: computational graph.

3 It gives a numerical value.

Notes:

2 modes: forward/reverse accumulation (chain rule).

Optimal Jacobian accumulation = NP-complete.
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AD-forward: f (x1, x2) = ln(x1) + x1x2− sin(x2);
∂f
∂x1

∣
∣
(2,5)

=?
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AD-forward: f (x1, x2) = ln(x1) + x1x2− sin(x2);
∂f
∂x1

∣
∣
(2,5)

=?

v̇i =
∂vi
∂x1
⇒ v̇5 =

∂y
∂x1

.
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AD-forward

For f : Rd1 → Rd2

x = a, ẋ = ei gives the i th column of

Jf (a) =






∂f1
∂x1

. . . ∂f1
∂xd1

. . . . . . . . . . . . . .
∂fd2
∂x1

. . .
∂fd2
∂xd1






∣
∣
∣
∣
∣
∣
∣
x=a

.

Consequence: d2 = 1 would also require d1 passes!
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AD-forward

For f : Rd1 → Rd2

x = a, ẋ = ei gives the i th column of

Jf (a) =






∂f1
∂x1

. . . ∂f1
∂xd1

. . . . . . . . . . . . . .
∂fd2
∂x1

. . .
∂fd2
∂xd1






∣
∣
∣
∣
∣
∣
∣
x=a

.

Consequence: d2 = 1 would also require d1 passes!

x = a, ẋ = v produces Jf (a)v ← 1-pass, matrix-free!
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Dual numbers

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 ⇒ Idea: compute/store

function values & derivatives together.
Def.:

D =
{
v + v̇ǫ : ǫ2 = 0, (v , v̇ ) ∈ R2

}
= R[ǫ]/

(
ǫ2
)
=

{[
v v̇

0 v

]}

.

Arithmetic:

(v + v̇ǫ) + (u + u̇ǫ) = (u + v) + (v̇ + v̇)ǫ,

(v + v̇ǫ)(u + u̇ǫ) = (vu) + (v u̇ + v̇u)ǫ.
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Dual numbers: extension of functions

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 .

Let us extend a g : R→ R to g̃ : D→ D as

g̃(v + v̇ǫ) = g(v ) + g ′(v)v̇ǫ.
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Dual numbers: extension of functions

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 .

Let us extend a g : R→ R to g̃ : D→ D as

g̃(v + v̇ǫ) = g(v ) + g ′(v)v̇ǫ.

Compatibility with the chain rule:

(̃f ◦ g)(v + v̇ǫ) = (f ◦ g)(v) + (f ◦ g)′(v)v̇ǫ
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Dual numbers: extension of functions

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 .

Let us extend a g : R→ R to g̃ : D→ D as

g̃(v + v̇ǫ) = g(v ) + g ′(v)v̇ǫ.

Compatibility with the chain rule:

(̃f ◦ g)(v + v̇ǫ) = (f ◦ g)(v) + (f ◦ g)′(v)v̇ǫ

= f (g(v)) + f ′(g(v))g ′(v)v̇ǫ
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Dual numbers: extension of functions

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 .

Let us extend a g : R→ R to g̃ : D→ D as

g̃(v + v̇ǫ) = g(v ) + g ′(v)v̇ǫ.

Compatibility with the chain rule:

(̃f ◦ g)(v + v̇ǫ) = (f ◦ g)(v) + (f ◦ g)′(v)v̇ǫ

= f (g(v)) + f ′(g(v))g ′(v)v̇ǫ

= f̃ [g(v) + g ′(v)v̇ ǫ]
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Dual numbers: extension of functions

Recall: v3 = sin(v0)⇒ v̇3 = cos(v0)v̇0 .

Let us extend a g : R→ R to g̃ : D→ D as

g̃(v + v̇ǫ) = g(v ) + g ′(v)v̇ǫ.

Compatibility with the chain rule:

(̃f ◦ g)(v + v̇ǫ) = (f ◦ g)(v) + (f ◦ g)′(v)v̇ǫ

= f (g(v)) + f ′(g(v))g ′(v)v̇ǫ

= f̃ [g(v) + g ′(v)v̇ ǫ]

= f̃ [g̃(v + v̇ǫ)].
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The extension gives the ’natural’ operation on D

Definition for g : Rd1 → Rd2 : g̃(v + v̇ǫ) := g(v) + Jg (v)v̇ǫ.

Example: +: R× R→ R

+̃(v1 + v̇1ǫ, v2 + v̇2ǫ) = +(v1, v2) + J+(v1, v2)

[
v̇1
v̇2

]

ǫ
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The extension gives the ’natural’ operation on D

Definition for g : Rd1 → Rd2 : g̃(v + v̇ǫ) := g(v) + Jg (v)v̇ǫ.

Example: +: R× R→ R

+̃(v1 + v̇1ǫ, v2 + v̇2ǫ) = +(v1, v2) + J+(v1, v2)

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + [1, 1]

[
v̇1
v̇2

]

ǫ
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The extension gives the ’natural’ operation on D

Definition for g : Rd1 → Rd2 : g̃(v + v̇ǫ) := g(v) + Jg (v)v̇ǫ.

Example: +: R× R→ R

+̃(v1 + v̇1ǫ, v2 + v̇2ǫ) = +(v1, v2) + J+(v1, v2)

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + [1, 1]

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + (v̇1 + v̇2)ǫ
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The extension gives the ’natural’ operation on D

Definition for g : Rd1 → Rd2 : g̃(v + v̇ǫ) := g(v) + Jg (v)v̇ǫ.

Example: +: R× R→ R

+̃(v1 + v̇1ǫ, v2 + v̇2ǫ) = +(v1, v2) + J+(v1, v2)

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + [1, 1]

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + (v̇1 + v̇2)ǫ

= (v1 + v̇1ǫ) + (v2 + v̇2ǫ).
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The extension gives the ’natural’ operation on D

Definition for g : Rd1 → Rd2 : g̃(v + v̇ǫ) := g(v) + Jg (v)v̇ǫ.

Example: +: R× R→ R

+̃(v1 + v̇1ǫ, v2 + v̇2ǫ) = +(v1, v2) + J+(v1, v2)

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + [1, 1]

[
v̇1
v̇2

]

ǫ

= (v1 + v2) + (v̇1 + v̇2)ǫ

= (v1 + v̇1ǫ) + (v2 + v̇2ǫ).

The same holds for: ×, /, polynomials, analytic functions.
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]

Computation:

g̃(2 + ǫ) =
(2 + ǫ)2

(2 + ǫ) + 1
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]

Computation:

g̃(2 + ǫ) =
(2 + ǫ)2

(2 + ǫ) + 1
=

4 + 4ǫ

3 + ǫ
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]

Computation:

g̃(2 + ǫ) =
(2 + ǫ)2

(2 + ǫ) + 1
=

4 + 4ǫ

3 + ǫ

(∗)
=

4

3
+

4× 3− 4× 1

32
ǫ

using (∗): a+bǫ
c+dǫ

= a+bǫ
c+dǫ

c−dǫ
c−dǫ

= ac+(bc−ad)ǫ
c2±cǫ

= a
c
+ bc−ad

c2
ǫ.
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]

Computation:

g̃(2 + ǫ) =
(2 + ǫ)2

(2 + ǫ) + 1
=

4 + 4ǫ

3 + ǫ

(∗)
=

4

3
+

4× 3− 4× 1

32
ǫ

=
4

3
+

8

9
ǫ

using (∗): a+bǫ
c+dǫ

= a+bǫ
c+dǫ

c−dǫ
c−dǫ

= ac+(bc−ad)ǫ
c2±cǫ

= a
c
+ bc−ad

c2
ǫ.
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Dual numbers: example

Recall: g̃(v + v̇ǫ) = g(v) + g ′(v)v̇ǫ ⇒ g ′(v) = D[g̃(v + 1ǫ)].

g(v) = v2

v+1 , g
′(2) =? = D[g̃(2 + 1ǫ)]

Computation:

g̃(2 + ǫ) =
(2 + ǫ)2

(2 + ǫ) + 1
=

4 + 4ǫ

3 + ǫ

(∗)
=

4

3
+

4× 3− 4× 1

32
ǫ

=
4

3
+

8

9
ǫ⇒ g ′(2) =

8

9

using (∗): a+bǫ
c+dǫ

= a+bǫ
c+dǫ

c−dǫ
c−dǫ

= ac+(bc−ad)ǫ
c2±cǫ

= a
c
+ bc−ad

c2
ǫ.
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AD-reverse: f (x1, x2) = ln(x1) + x1x2 − sin(x2);
∂f
∂x1

∣
∣
(2,5)

=?

vi 7→ v̄i =
∂y
∂vi

adjoint variable. ∂y
∂v0

= ∂y
∂v2

∂v2
∂v0

+ ∂y
∂v3

∂v3
∂v0

, . . .

Zoltán Szabó Autodiff



AD-reverse: matrix-free Jacobi-vector product

For f : Rd1 → Rd2

x = a, ȳ = ei produces the i th column of

JTf (a) =






∂f1
∂x1

. . .
∂fd2
∂x1

. . . . . . . . . . . . . . .
∂f1
∂xd1

. . .
∂fd2
∂xd1






∣
∣
∣
∣
∣
∣
∣
x=a

.

Specifically, if d2 = 1 we get ∇f in one pass!

x = a, ȳ = r gives JTf (a)r.
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Hessian-vector product: forward & reverse-AD

f : Rd → R.

Hf =
[

∂2f
∂xi∂xj

]

. Goal: Hf v.

Steps:
1 〈∇f , v〉: forward mode, with ẋ = v.
2 Hf v: apply reverse-AD on the produced forward code.

Complexity: O(d)! – Hf ∈ Rd×d
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Implementation

4 ways:

1 Elemental libraries: sin→ sinAD.
2 Preprocessors:

source code transformation,
auto decomposition to AD-enabled elementary operarations.

3 New languages: tightly integrated AD-capabilities (compilers).
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Implementation – continued

4 Operator overloading:

redefine elementary operations,
Example: autograd/Theano ∈ Python.

Languages: AMPL, C, C++, C#, F#, Fortran, Haskell, Java,
Matlab, Python, Scheme, Stan (see [1]: Table 5).
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Example in Python
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Further reading

Refs ([1] = main source):
1 Atılım Günes Baydin, Barak A. Pearlmutter, Alexey

Andreyevich Radul, Jeffrey Mark Siskind. Automatic
Differentiation in Machine Learning: A Survey. arXiv, 2015.

2 Philipp Hoffmann. A Hitchiker’s Guide to Automatic
Differentiation. Numerical Algorithms, 2015.

Autodiff portal: http://www.autodiff.org/

Zoltán Szabó Autodiff
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Thank you for the attention!
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Extension of polynomials to dual numbers

Let g(v) =
∑n

i=0 piv
i ∈ R[v ].

Applying g to v + v̇ǫ

n∑

i=0

pi(v + v̇ǫ)i = p0 + p1(v + v̇ǫ) + · · · + pn(v + v̇ǫ)n
︸ ︷︷ ︸

vn+nvn−1v̇ǫ
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Extension of polynomials to dual numbers

Let g(v) =
∑n

i=0 piv
i ∈ R[v ].

Applying g to v + v̇ǫ

n∑

i=0

pi(v + v̇ǫ)i = p0 + p1(v + v̇ǫ) + · · · + pn(v + v̇ǫ)n
︸ ︷︷ ︸

vn+nvn−1v̇ǫ

= g(v) + g ′(v)v̇ǫ = g̃(v + v̇ǫ).
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Extension of analytic functions to dual numbers

Let g : R→ R be analytic.

Applying g to v + v̇ǫ

g(v) +
g ′(v)

1!
v̇ǫ+

g ′′(v)

2!
(v̇ǫ)2 + . . .

︸ ︷︷ ︸

=0

= g(v) + g ′(v)v̇ ǫ = g̃(v + v̇ǫ).
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