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@ Given: domain (X), kernel k. ¢ : X — H feature map

k(val) = <¢(X)v¢(xl)>g{' (1)

@ Representer theorem: for many tasks (SVM, ...)

N
w = Za;qb(x,-). (2)

@ Consequence: decision function
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Random kitchen sinks (X = R9)

@ Bochner Theorem: k continuous, shift invariant <
K=x,0) = / e \2)dz, AeML(RY)  (4)
Rd
= RY q_bz(X)QSZ(X/))\(Z)dZ’ ¢Z(X) — eI'ZX' (5)

@ Assumption: \ is a probability measure (normalization).
@ Trick:

n

A 1 : /
R N T
i=1
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Random kitchen sinks - continued

2
_ =]

@ Specially, for Gaussians: k(x —x’,0) = e~ 252

Mz)=N (z;O, %) , (7)

kix = x,0) & (), 6(x)) = d(x) d(x),  (8)
H(x) = \%e'z* ccn, (9)
Z=[Zp~N(0,072)]eR™.  (10)

@ Properties: O(nd) CPU, O(nd) RAM.

@ Idea (fastfood): do not store Z, only the fast generators of Z.
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Fastfood construction: n = d (d = 2'; otherwise padding)

1

V =
ovd

SHGPHB, (11)

where
o G: diag(N(0,1)) € RI*9,
@ P: random permutation matrix € {0,1}9*4.
e B: diag(Bernoulli) € R?*9, B; € {—1,1}.
e H = Hy: Walsh-Hadamard (WH) transformation € R9*¢

Hi=1H, = [ - ] s Hokin = [ P Fax } = (Hp)®X.

1 —1 H2k _H2I<
. s; (2#)%rd_1e_£22_ or %
0 S: dlag(HG’HF)Z S~ Ay Ad—1= I'ET%)'
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Fastfood construction: n > d (assumption: d|n)

We stack  independent copies together:

V=[V;...;Vu] = 2. (12)

d

Intuition of V; = U\/ESHGPHB.

° %HB: acts as an isometry, which makes the input denser.
® P: ensures the incoherence of the two H-s.

@ H,G: WHs with diagonal Gaussian ~ dense Gaussian.

@ S: length distributions of V' rows are independent.
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Fastfood: computational efficiency

® G,B,S:
» generate them once, store.
s RAM: O(n), cost of multiplication: O(n).

@ P: O(n) storage, O(n) computation (lookup table).

@ Hy: do not store,
o Hgx: O(dlog(d)) time/block, 5 blocks = O(nlog(d)).

@ To sum up:
@ sinks  — CPU: O(nd) , RAM: O(nd), vs
¢ fastfood — CPU: O(nlog(d)), RAM: O(n).
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Walsh-Hadamard transformation: symmetry, orthogonality

Definition:
1 1

H1:1,H2:[1 ]

}  Horin = (Ho)®k.
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Walsh-Hadamard transformation: symmetry, orthogonality

Definition:
H = 1, Hy, = 1 -1 ,H2k+1 = (H2) .
Symmetry, orthogonality (d = 2¥):
1
Hy = H]J, HyH] = dI (i.e., —=H: orth.). 13
G=H].  HHT=dl (e, =Heorth). (13
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Walsh-Hadamard transformation: symmetry, orthogonality

Definition:
H = 1, Hy, = 1 -1 ,H2k+1 = (H2) .
Symmetry, orthogonality (d = 2¥):
1
Hy = H]J, HyH] = dI (i.e., —=H: orth.). 13
G=H].  HHT=dl (e, =Heorth). (13

Proof: Hy, Hy: OK.
T Rk T T\Qk Rk
[Hyea]” = [(H2)®*| " = (HT)® = (Ha)** = Hyeon,
H2k+1H27;+1 = (Hax ® Hp)(Hox ® H2)T = (Hax ® H2) (Hzc ® HzT)
- (szH2Tk> ® (H2H2T> = (21) @ (21) = 2K+

using

(AB)T =AT@BT, (A®B)(C®D)=AC®BD. (14)

Zoltdn Szabé Fastfood - Approximating Kernel Expansions in Loglinear Time



Walsh-Hadamard transformation: spectral norm

o We have seen (d = 2k): HyH] = dl.

@ Spectral norm:

||Hd||2 =\ Amax (H(;,_Hd) =V )\max(dl) = \/H (15)

Zoltdn Szabé Fastfood - Approximating Kernel Expansions in Loglinear Time



Goal (||| = ||-Il,)

@ Unbiasedness:

IIX X’II

E [k(x,x)] =E [300*6(x)] = e = k(x,x). (16)

@ Concentration:

k(x,x") — k(x,x")

|

> a} < b. (17)

Zoltdn Szabé Fastfood - Approximating Kernel Expansions in Loglinear Time



Goal — continued

o Low variance (one-block): v = X=X 4;(v) = cos ([HL\/’;BVL')j € [d].

varlgy()] = 5 (1 - MY, (18)
j_iw,-(v) <SP pacqvl,  (9)
C(a) = 6a’ <e_°‘2 + %) (20)
o Low variance:
var [307500)] < - - i_”v”2>2 Y

Proof: ¢(x)7¢(x') = sum of & indep. terms (x4), averaged (x ).
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Towards unbiasedness: E ([HGPHB];)

Let M := HGPHB.
E(M;) =0 (22)

since
° H,.T: ith row of H = H;: jt column of H,
o My = (HT)GP(H;By),
e Mij|P,B: sum of independent N(0,1)-s, +sign change,
e E(M;)=EI[E(M;|P,B)] =E(0)=0.
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Unbiasedness: var ([HGPHB];)

Last slide: Mj; = (H,-T)GP(HJ-BJ-J-), E(M;;) = 0.

var (My) = E |[MyM] | =B [ (HT GPH;By) (ByH PTGH;)]
~ E |B}H] GPee” PTGH;| = E [1H] Gee GH|
= H/E[G?| H; = H{ IH; = HT H; = d

using e :=[1;...;1] € RY, HiH] = ee”, Pe =e,
E (Gee” G) = E (G?) (G: diagonal), E(G?) = 1.
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Unbiasedness: cov ([HGPHB];;, [HGPHB]j«), j # k

@ We have seen: E (M;;) =0, var (Mj) =d.
o cov(Mjj, M) =0 (j # k) since

Lhs. = E (HT GPH; ByH] GPH By (23)
— E(ByBu) E (HT GPHHT GPH, ), (24)
E(BjjBkk) =E (Bjj)E (Bkk) =0x0=0 (25)

using that 0 = / ((B}j, Bk ), others) = I(Bj;, Bxk) = E(Buu).

Zoltdn Szabé Fastfood - Approximating Kernel Expansions in Loglinear Time



— 1 — 1
In V = —1_HGPHB (V = —1-M)

Vd ovd
N (M
B(Vy) =2 () =0 (26)
M M) d 1
var (Vjj) = var <a\/13> = vara(2dj) = oy = pt (27)
cov(Vyj, Vi) =0 (j # k). (28)

Thus, the distribution of the rows of V|P, B: ~ N (0, )

Ali&Recht 2007 : .
% unbiasedness|P, B = unbiasedness.

Note: we need (i) (28)|P, B, but we used Eg(B;jBkk); otherwise:
V ~ 'MOG’, (ii) the independence of the rows.
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Concentration (e — cos, n = d)

Theorem (RBF): Let

d
k(x,x") = %Z cos <ai\/3 [HGPHB(x — x’)]j> . (29)

j=1
Then
o | 2
P |[k(x, x') — k(x,x)| > ogd(é)a <26 (30)
for 6 >0, o= LX;X/” log (%)
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Concentration — proof

@ We have already seen: E [l?(x,x/)] = k(x,x").

@ Lemma (concentration of Gaussian measure; Ledoux 1996):
f : RY — R Lipschitz continuous (L), g ~ N(0, I4). Then

B(|f(g) - E[f(g)]] > t) < 2¢ 32 (31)

@ Lemma [approximate isometry of %; Ailon & Chazelle,

2009]: x € RY; H, B: from V. For any § > 0

HBx 2d
P e () 3] <6 (@)
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Concentration — proof

o Notation: v = X=X k(v) = k(x,x), k(v) = k(x,x').

[

o Sufficient to prove:

£(G,P,B) = zd:cos( ) HG pHB, (33
s Iy = Z_j , Z= u, u= —FV
d 3 Vd

concentrates around the mean.
@ Idea:
@ G+ f(G,P,B): Lipschitz = high-IP concentration in G|B.
o Approximate isometry of %: high-P in B (P: does not
matter).
& Union bound.
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Concentration — proof

d
1
=5 Z cos(a;)) (a€RY),
j=1

|f(G;P,B)—f(G';P,B)| = ‘h[Hdiag( Yu] — h[Hdiag(g’)

|h(a) — h(b)| = Zcos aj) — cos(bj))

d
_1 1
<5 Z |cos(a;) — cos(by)| < ~ > laj— b
j=1 j=1

1

1
:—a—b \/Ea—b =-——=|a—b»b
o b1y < 5Vala bl = = lla— i,

|| Hdiag(g)u — Hdiag(g')ul|, < ||, ||diag(g — &')u],
=Vd|[(g—g)oull, < Vd|e —g'l|,llull
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Concentration — proof

Until now:
7(G:P,B) ~ f(G"P.B)| < llull [le —&ll,-  (39)

[ull o term: using [[Pwl|,, = [jw],

=rwllm e

Approximate isometry of H—\/g: with 1 — 6 Pg p-probability

2d
< I —.
ol < 1 fog (3) 2 (36)
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Concentration — proof

Until now: f Lipschitz with 1 — § Pg p-probability

£(G:P.B) ~ F(G; P, B)| < [uvnz og (%) 3] e,

=:L|g—gl,-

By the concentration of the Gaussian measure [G;; ~ N(0,1)]:

2

Pg[|f(G; P, B) — k(v)| > t] < 2¢%7 =14, (37)
P¢ ||f(G; P,B) — k(v)| > y/2log (%)L] <. (38)

We apply a union bound: = 24.
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Low variance: var[t;(v)]

@ Notations:

1
w=—HBv,u= Pw,z = HGu. 39
Vd (39)
@ High-level idea:
o cov(zj, z¢|u): normal.
e cov(¥(z),¥(z:)|u), some exp — cosh relations, j = t.
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Low variance: zj|u

Def.: w = ﬁHBv, u= Pw, z = HGu. Using E¢(HGu|u) =

cov(zj, zj|u) = cov([HGu];, [HGu];|u) = cov(HjTGu, HJ-TGu\u)

—g| (7 eu) (7).

HJ-TGu = [Hj1Gi1u1, HpGooup, . ..], (G : diagonal)

ot 510~ & (X 6 ) - T E (6h) - 3

2
= [lul® = v

using HJ-2,- =1 (H;i = £1), E(G?) =1 [Gji ~ N(0,1)], isometry of
P%HB.} = z|u: normal, zjlu ~ N (0, HVH2)
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Low variance: cov(zj, z:|u)

Last slide: zj|u ~ N (o, ||v||2).

cov(zj, z:|u) = corr(zj, z;|u)std(zj|u)std(z;|u) (40)
— corr(zj, zeu) IVIP = pie() IVIP = pIVI2.  (41)

Zj L op 2 .47 _ N
3w (o] ) LR =) = Nt ~ oD
(42)

1 0

L= . 4
| (43)

Now for v;(v) = cos(z;):

cov(1j(v), ¥e(v)|u) = cov(cos([Lglr), cos([Lg]2)) (44)

= Eg [H COS([Lg]k)] — I Be leos(ILgli)] - (45)
k=1 k=1
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Low variance: first term in cov(vj(v), ¥¢(v)|u)

Using cos(a) cos(3) = 2[cos(ar — B) + cos(a + B)], & = [g1; &),

2 [cos([Lh) cos([Lel2)] = 5Bg {cos([Lals — [Lala) + cos([Lel: + [Lg2)}
where

(Lel ~ [Lelo = [Ivl| (&2 — per — V1~ Pg2) = [Iv]| V2~ 20h

[Lgls + [Lglo = VI (2 + per + VI = P&2) = lIvl| 2+ 20h

since

81 — P&l — 1—p2gz~\/(1—p)2+(1—p2)h= 2 —2ph,
g1+ g1+ V1 Pea ~ /(L4 p)? + (1 — p2)h = /21 2ph.

where h ~ N(0, 1).
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Low variance: first term in cov(vj(v), ¥¢(v)|u)

Thus

Eg [cos([Lg]1) cos([Lgl2)] = %Eg {cos(a—h) +cos(arh)}, (46)

a_ =||v]|v/2 - 2p, (47)
2y = v V27 2p. (48)

Making use of the relation
E[cos(ah)] = e 2%, h~ N(0,1), (49)
we obtained

Eg [cos([Lg]1) cos([Lg]2)] = % e IvIPa-p) 4 e—||v||2(1+p)] .
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Low variance: value of E[cos(b)]

Lemma:
E[cos(b)] = e 27", h~ N(0,052), (50)
Proof: The characteristic function of b ~ N(m,o?)
c(t) =E, [eitb] = eitm—30°t" (51)
Specially, for m =0, t =1 (b ~ N(0,?))

2

e 3 =, [er] — E [cos(b)] . (52)
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Low variance: second term in cov(v;(v), ¢¢(v)|u)

Since z; ~ N(0, || v|?)

1,02\ 2 2
Eg [cos(2)|Eqcos(z:)] = (Eg [cos(|[v]| m)])> = (e781"1")" = e=I]
using the identity for E[cos(ah)]. Thus [cosh(a) = €]

1
cov(t(v), we(v)]u) = 3 {e—nvnz(l—p) I e—||v||2(1+p)] eIV

2 o2
i [envn p +2€ M 1]

— e IvIP [cosh (||v|y2p) - 1] .
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Low variance: var[t;(v)]

With j =1t, p =1 we got

varliy(v)] = 1P [M - 1] 3)
_ Hefﬁ””z el (54)
= % (12717 4 2117 (55)
_ % (1-e )" (56)
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Low variance: var Ej/:le(v)

Decomposition:
d d
var | > wi(v)| = D cov [W(v), (V)] (57)
j=1 jit=1
We have seen that
cov [u5(v), wr(v)lu] = e M [cosh (IIvI* p) 1] . (58)

We rewrite the cosh term.
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Low variance: cosh ( ||v||* p

Third-order Taylor expansion around 0 with remainder term

cosh (1vIp) = 14 5 IVI* 2 + osimh() V] (59)
<14 Il + gsink (IvIE) VIS 2* (60)
<14 W1 2B (61)

where

2 2
o ne [~ IvI?lol. IvI? Iol].
o we used: cosh’ = sinh, sinh’ = cosh, cosh(0) = 1,
sinh(a) = €=, sinh(0) = 0, monotonicity of sinh, |p| < 1.

o B(IvI) =%+ &sinh (IVI2) VI, (¢ < ).
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Low variance: var Ef:f%(v)

@ Plugging the result back to cov [¢j(v), ¥:(v)|u], e lIvI? <1:
cov [ (v), pe(V)|u] < [Iv[|* p*B(|Iv]))- (62)

Here, p = p(u).
@ Remains: to bound E, [p?(u)].

o Small if E <||u||i> is small (<= HB: randomized

preconditioner).
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Numerical experiments

@ Accuracy: similar to random kitchen sinks (RKS).

e CPU, RAM:
d n | Fastfood RKS Speedup | RAM
1,024 16,384 | 0.00058s 0.0139s 24x 256x
4,096 32,768 | 0.00136s 0.1224s 90x | 1024x
8,192 65,536 | 0.00268s 0.5360s 200x | 2048x
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@ Random kitchen sinks: use

s (normally distributed) random projections, which
s are stored (Z).

o Fastfood:
@ approximates the RKS features using the composition of
o diag, permutation, Walsh-Hadamard transformations (Z).
o does not store the feature map!

@ Results:

@ unbiased, concentration, low variance,
o RAM + CPU improvements.
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Fastfood: properties - rows of HGPHB: same length

Let M = HGPHB. Squared norm of the j"

2= [/\/II\/IT] [(HGPHB)(HGPHB)T] ) (63)
i J
[HGPHBBTHTPTGHT} [dHGzHT} O (64)
g A
=d) Hjci=d) Gi=d|G]z (65)

by BBT = | [B=diag(+1)], HHT =dI, PPT = I, H3 =1
(Hj = +1).
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Fastfood: optional scaling matrix (S)

® Previous slide: /? = d||G||,%.
@ Rescaling by % 7
e S:

(2m)% 1 5

° diag(Hg—"HF): Si~ Tzv Ag—1 = r(f

o length distributions of the V rows: independent of each other.

f||G|| . yields rows of unit length.

2
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