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u’” € R?: transpose.

(u,v)ps = vTu: inner product (u,v € R9).

u* € C9: conjugate transpose.

(u,v)ca = v*u: inner product (u,v € C9).

|All, < ||A|lg: spectral-, Frobenius norm.

tr: trace.

Jf(a): Jacobi of function f at point a.

E, P: expectation, probability.

diam(S) = sup{|la — b, : a,b € S}: diameter.
o Note: diam(S) < oo if S C R?, compact.

@ conv(S): convex hull of set S C RY.

e 6 ¢ ¢ ¢ ¢ ¢ ¢ ¢
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@ Given: k shift-invariant kernel on RY, k(x,y) = k(x —y).
@ Bochner theorem: k cont. = Ip(w) density (k: normalized)

Tx

k(x,y) — /I‘%d p(w)ein(x—Y)dw — EW[ZW(X)ZW(y)*], ZW(X) — W

i.i.d.

@ Estimator: wy,...,wp ~  p(w),
1
(x) = ﬁ[zwl (x); - s 2wy (x)] € C7,
s(x,y) = (2(x),2(y))co = Z e = 3(x—y) €C,
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Cos features (issue-1)

In this case
Zw.b(X) = V2cos(w'x + b) € R, (1)
» D
s(x,y) = (z(x),z(y))go = D Z cos(ijx + bj) cos(ijy + bj)
j=1

D
= 23 cos(w] (x—y) + cos(w] (x +y) +25) ()

using 2 cos(a) cos(b) = cos(a — b) + cos(a + b). Thus,

@ s(x,y): not translation invariant (assumed in the proof of
Claim 1).

@ We will also need vector-Hoeffding inequality [s(x,y) € C].
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Goal, high-level proof

@ Goal (uniform large deviation inequality):

x,yeM

P( sup ‘S(X7Y)_k(x7y)| 26) Sg(D7d76)' (3)

@ Proof idea:
s For fixed (x,y):

s(x,y) - Z[ e kxy)| (@)

™ ) k(x,y): bounded = concentration around 0 with
high prob. (vector-Hoeffding).

o 'e-net’ argument: extension from the net anchors (smoothness
with high prob.).

Zoltan Szabé Random Kitchen Sinks - Revisited



Vector-Hoeffding inequality = step-1

Let {¢; J-'il € H(ilbert) i.i.d. and bounded (||¢;||,, < c). Then

Dé?
| >e] <2e 22. (5)
H

In our case: H=R?(=C) and c = 2,

&= e () _ k(x,y),
iwT (x—
g1 < [0+ k(x,y)l = 1+ k(x,y)],

Ik(x,y)| = ‘/R P<w)e"w”"‘”dw‘ : /R
= /Rd p(w)dw = 1.

p(w)eiWT(x_y) dw
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Step-2: net argument

Let x,y € M, Ma =M —-M={x—y:x,y € M} CRP,

o f(x,y) :=s(x,y) —k(x,y) =3(x —y) —k(x —y) = F(x —y)
=:f(A) eC, A € Ma.
@ Assumption-1: M is compact. =

@ Ma: compact,
o diam(Ma) < 2diam(M),

) d
@ Ma: 3 r-net with at most N = (M) balls of radius r,

Ma CUpB(Aj, r)=Up{u:flu—A4Aj,<r} (=1,...,N).
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Step-2 (issue-2)

o Assumption-2: ¢o f € C [p(v) = [R(v); S(v)], v € C].
@ Mean value theorem ((u) € C):

6 [Fb) ~ ()] = JF(e)b—a). LF()eR>P] (o)

where ¢ € (a,b) = {ta+ (1 —t)b: ¢t € (0,1)}. But this does not hold!
o Instead we have an integral variant ([: meant coordinate-wise):

é [?(b) — ?(a)} = [/01 J(¢of)(ta+ (1—t)b)dt|(b—a) (7)

assuming that (a,b) € Ma. =
@ Assumption-3: a,b € Ma = (a,b) € Ma.
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F(b) — F(a)| = || [F(b) - 7@)] ||
/1 J(pof)(ta+ (1 — t)b)dt
0

S ‘

bl
< ([ 0o Prea+ - )] ac) 1o -l
0

1
< </ L?dt> Hb — aH2 = L;”b — a”z,
0

Ly = || s ia)

where

, A, 1= arg max
2 AcMp

JooF)a)|

)
Note: A, exists since Mp is compact, and ¢o f € C! =
A~ HJ(qﬁ o ?)(A)H2 is continuous.
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o Lemma: if |F(4;)| < 5 (V)), Ly < 57, then
F(B) <e (VA € Ma). (8)

@ Proof:

€

N

(o) - [Fap]| < Fa) - Fay)l < Ly A -], <
ihgdd) X

€
<§ 2r

Thus, we got |[f(A)] < e.
Goal: guarantee the conditions of (8) with high probability.
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Step-2a: guarantee |f(A))| < 5 (V)

Vector-Hoeffding inequality =

2

~ € _Dé? ~ € _ De”
P (|f(Aj)| > 5) <2e Fs o P (|f(Aj)\ < 5) >1-2e .
By union bounding (j =1,...,N):

De?

P (mj’-"zl {|?(AJ-)| < %}) >1-2Ne % .
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Step-2b: guarantee L; < 5 (issue-3: Lz: wj-dep., HH )

@ Markov inequality: Z >0, P(Z > t) < (Z) (Vt>0). Z=1L; t=
o Bound on the expectation [|A, < Al |1, 52 < M3, A7
supalfi(B) + H(A)] < supa A(A) +supy (D)
. 2
7))
s(oet) @

E [Lﬂ —E [ sup J(¢>o?> (A)Hi

AcMp
J(608)(8) I (90k) (A)Hi]

<E | sup

AcMp

=E | sup
AcMp

<E

2 sup <|u<¢os><A)u%+HJ(¢o%) (A>H2)]

AcMp F

s(oek) o]

2 | sup ||J(¢o3)(A)|F+ sup

AcMp AeMa

2 [ sup [[J(¢03) (A)[2 | +26,

AcMp
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Step-2b: continued (Jﬁ = ]Ewwp[Hng])
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Step-2b: continued

| o)

|~ st o,

= [~ sin(wT2); cos(wTz)wT |

~ |[=sin(wT2); cos(w2)]| | lwll, = 1 |w, = lwll,.
[ \/tr[(@bT)T(abT)] = \/tr [ba”ab] = /tr [bTbaTa]

= \/IIbli2 llallz = llall, IIbll,
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Step-2b: continued

@ Until now: E [Lﬂ < 2(03 + Ci). Target quantity (vt = 5):

P(Lr = VE) =P (L2 2t) Mageor £ [:ﬂ < A j )

)

€ 2r\ 2 5 .
T = € f " > — r.n.s.
P(Lf—2r>_<€> 2(ap+Ck)<:>IP>(Lf<2r)_1 rhs
, d
@ We proved earlier (N = (L’:’(M)) ):

P (ij:l {\?(Aj)y < %})2 1—oNe % .

@ By union bounding:

P(1 < Nt ifai< o) 2

d ) 2
>1-2 <M> e % <&> 2(0[2, + Cx).

r €
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Performance guarantee

4diam(M)\ ¢ _pe
P ( sup [s(x,y) — k(x,)| <e) 512 (w)

x,yeM

. g D2 2\,
k1 = 2[4diam(M)]" e" 32, kp = - 2(05 + Cy),

_ K1 K1\ 92
mlrd:m2r2<:>—:rd+2<:)r: — s
R2
2
K1\ 92 2 q__2 _dt2-2_ d_
(#)=1—2kp [ 2 =12k, T AT AT
K2
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Performance guarantee

_d_
d+2

—1-2 (2 [adiam(M)]? e~ >d [(%)2 202 + G)

2d

. d+2
L2 ad 3 1/JI2,+ Cydiam(M) o2
=1-2 ta T artde e 16(d+2)

€

2
\/ 03 + Ckdiam(M) De2
>1— 28 e T6(d+2)

€

21 Crdiam(M :
w >1 (> a¥,a>1) and using

2 4d 3d 12
1(d) +d+2+d—|—2+d+2 8 d12 increasing = 00,

assuming

d _, 2 oy
—_— = — — . INCreasin = Q.
d+2 d+2 &
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Fixed r.h.s.: solve for D

€

-2
De2 q [, o3+ deiam(Jv[)]

Tt q
16(d +2) |28 ;

D= _w og [( q )_1-2 |:\/U,2,+7deiam(3v[)]

2
\/ 03 + Cdiam(MV) 2
qg= 28 e_m,

-2

28 ¢

2 .
2 2 28 o5+ de/am(M)
3<i;>,og{/q\/p 6 |
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We proved the theorem under the assumptions

@ k conditions:
o shift-invariance,
o continuity, ¢o f : RP = R? isin C!.
@ M requirements:
o M: compact.
s (*):a,beMa=M-M= (a,b) € Ma.
Note:
® pof =do3+ ok
° ¢po5: z [cos(w'z);sin(w'z] € CF,
o poke Cl ez k(z) e CL.

@ (*) holds if M is convex using [S1 =M, S, = —M]

conv(S1 + S2) = conv(S1) + conv(Sy).
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Thank you for the attention!
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